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a b s t r a c t
Let X and Y be real Banach spaces, K be a nonempty convex subset of X , and C : K → 2Y
be a multifunction such that for each u ∈ K , C(u) is a proper, closed and convex cone with
intC(u) 6= ∅, where intC(u) denotes the interior of C(u). Given the mappings T : K →
2L(X,Y ),A : L(X, Y )→ L(X, Y ), f1 : L(X, Y )×K×K → Y , f2 : K×K → Y , and g : K → K , we
introduce and consider the generalized implicit vector equilibrium problem: Find u∗ ∈ K
such that for any v ∈ K , there is s∗ ∈ Tu∗ satisfying f1(As∗, v, g(u∗)) + f2(v, g(u∗)) 6∈
−intC(u∗). By using theKKM technique and thewell-knownNadler’s result,we prove some
existence theorems of solutions for this class of generalized implicit vector equilibrium
problems. Our theorems extend and improve the corresponding results of several authors.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The vector-valued version of the variational inequality of Hartman and Stampacchia (i.e., the vector variational
inequality)was first introduced and studied byGiannessi [1] in a finite-dimensional Euclidean space in 1980. Later on, vector
variational inequalities were investigated bymany authors in abstract spaces, and extended to vector equilibrium problems,
which include as special cases various problems, for example, vector complementarity problems, vector optimization
problems, abstract economical equilibria and saddle-point problems; see [2–17].
In 1999, Lee et al. [12] first established a vector version of Minty’s lemma [18] by using Nadler’s result [19]. By using
their result they considered vector variational-like inequalities for multifunctions under a certain new pseudomonotonicity
condition and a certain new hemicontinuity condition. Recently, Khan and Salahuddin [5] also established a vector version
ofMinty’s lemma and applied it to obtain an existence theorem for a class of vector variational-like inequalities for compact-
valued multifunctions under a certain similar pseudomonotonicity condition and a similar hemicontinuity condition.
On the other hand, the vector equilibrium problems were also extended to the generalized vector equilibrium problems,
which include as special cases various problems, for example generalized vector variational inequality problems, generalized
vector variational-like inequality problems, generalized vector complementarity problems and vector equilibriumproblems.
Inspired by early results on this field, many authors have considered and studied the generalized vector equilibrium
problem, that is, the vector equilibrium problem formultifunctions. In addition, as an important generalization of the vector
equilibrium problems, a class of implicit vector equilibrium problems was recently introduced and studied by Li, Huang and
Kim [16], which includes a number of (scalar) implicit equilibrium problems, implicit variational inequalities, and implicit
complementarity problems as special cases. By using the KKM technique, they proved some existence theorems of solutions
for this class of implicit vector equilibrium problems in Hausdorff topological vector spaces.
In this paper, let X and Y be two real Banach spaces and let K be a nonempty convex subset of X . Let C : K → 2Y be a
multifunction such that for each u ∈ K , C(u) is a proper, closed and convex cone with intC(u) 6= ∅, where intC(u) denotes
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the interior of C(u). Given the mappings T : K → 2L(X,Y ), A : L(X, Y )→ L(X, Y ), f1 : L(X, Y )× K × K → Y , f2 : K × K → Y ,
and g : K → K , we introduce and consider the following generalized implicit vector equilibrium problem: Find u∗ ∈ K such
that for any v ∈ K , there is s∗ ∈ Tu∗ satisfying f1(As∗, v, g(u∗))+ f2(v, g(u∗)) 6∈ −intC(u∗).
In particular, if we put f1(z, y, x) = 〈z, η(y, x)〉 and f2(y, x) = h(y) − h(x) for all (z, x, y) ∈ L(X, Y ) × K × K , where
η : K × K → X and h : K → Y , then the above problem reduces to the following generalized implicit vector variational
inequality problem:
find u∗ ∈ K such that 〈As∗, η(v, g(u∗))〉 + h(v)− h(g(u∗)) 6∈ −intC(u∗), ∀v ∈ K for some s∗ ∈ Tu∗.
By using the KKM technique [20] and thewell-knownNadler’s result [19], we prove some existence theorems of solutions
for this class of generalized implicit vector equilibrium problems. Our theorems extend and improve the corresponding
results in references [2–17].
2. Preliminaries
In this section, we recall some notations, definitions and results, which are essential for our main results.
Definition 1 (See [11]). Let K be a nonempty subset of a vector space X . Then a multifunction T : K → 2X is called a
KKM-map where 2X denotes the collection of all nonempty subsets of X , if for each finite subset {u1, u2, . . . , un} of K ,
co{u1, u2, . . . , un} ⊂ ∪ni=1 Tui, where co{u1, u2, . . . , un} denotes the convex hull of {u1, u2, . . . , un}.
Lemma 1 (Fan’s Lemma [20]). Let K be an arbitrary set in a Hausdorff topological vector space X. Let T : K → 2X be a KKM-map
such that Tu is closed for all u ∈ K and is compact for at least one u ∈ K . Then ∩u∈K Tu 6= ∅.
Lemma 2 (Nadler’s Theorem [19]). Let (X, ‖ · ‖) be a normed vector space and H be the Hausdorff metric on the collection CB(X)
of all closed and bounded subsets of X, induced by a metric d in terms of d(x, y) = ‖x− y‖, which is defined by
H(U, V ) = max(sup
u∈U
inf
v∈V ‖u− v‖, supv∈V infu∈U ‖u− v‖),
for U and V in CB(X). If U and V are any two members in CB(X), then for each ε > 0 and each u ∈ U, there exists v ∈ V such
that
‖u− v‖ ≤ (1+ ε)H(U, V ).
In particular, if U and V are any two compact subsets in X, then for each u ∈ U, there exists v ∈ V such that
‖u− v‖ ≤ H(U, V ).
Lemma 3 (See [16, Lemma 2.2]). Let Y be a topological vector space with a pointed, closed and convex cone C such that intC 6= ∅.
Then for all x, y, z ∈ Y , we have
(i) x− y ∈ −intC and x 6∈ −intC ⇒ y 6∈ −intC;
(ii) x+ y ∈ −C and x+ z 6∈ −intC ⇒ z − y 6∈ −intC;
(iii) x+ z − y 6∈ −intC and−y ∈ −C ⇒ x+ z 6∈ −intC;
(iv) x+ y 6∈ −intC and y− z ∈ −C ⇒ x+ z 6∈ −intC.
Next, let X and Y be two real Banach spaces, and K be a nonempty convex subset of X . Let C : K → 2Y be a multifunction
such that for each u ∈ K , C(u) is a proper, closed and convex cone with intC(u) 6= ∅, where intC(u) denotes the interior of
C(u).
Definition 2 (See [16]). Let f : L(X, Y )× K × K → Y be a vector-valued trifunction and g : K → K .
(i) f (z, x, y) is a Q -function with respect to x if, for any given (z, y) ∈ L(X, Y )× K ,
f (z, λx1 + (1− λ)x2, y) ∈ λf (z, x1, y)+ (1− λ)f (z, x2, y)+ Q
for all x1, x2 ∈ K and λ ∈ [0, 1], where Q is a closed and convex cone of Y such that intQ 6= ∅.
(ii) g is a affine mapping if, for any y1, y2 ∈ K and λ ∈ [0, 1],
g(λy1 + (1− λ)y2) = λg(y1)+ (1− λ)g(y2).
Remark 1 (See [16, Remark 2.1]). Let f : L(X, Y )× K × K → Y be a vector-valued trifunction. f (z, x, y) is a Q -function with
respect to x if, for any given (z, y) ∈ L(X, Y )× K ,
f
(
z,
n∑
i=1
αixi
)
∈
n∑
i=1
αif (z, xi, y)+ Q
for all xi ∈ K and αi ∈ [0, 1] (i = 1, 2, . . . , n)with∑ni=1 αi = 1.
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Remark 2 (See [16, Remark 2.2]). It is easy to see that if Q contains zero of Y and g is affine, then g is Q -function.
Definition 3 (See [16, Definition 2.3]). Let X and Y be two Hausdorff topological vector spaces. A multifunction T : X → 2Y
is called upper semicontinuous (for short, u.s.c.) at x0 ∈ X if, for any net {xα} in X such that xα → x0 and for any net {yα} in
Y with yα ∈ Txα such that yα → y0 in Y , we have y0 ∈ Tx0. T is called u.s.c. on X if it is u.s.c. at each point of X .
Definition 4 (See [16]). Let f : D × D → Y be a vector-valued bifunction. Then f (x, y) is said to be hemicontinuous with
respect to y if for any given x ∈ D,
lim
λ→0+
f (x, λy1 + (1− λ)y2) = f (x, y2)
for all y1, y2 ∈ D.
Throughout the rest of this paper, by ‘‘→’’ and ‘‘⇀’’ we denote the strong convergence and weak convergence,
respectively.
3. Main results
Throughout this section, let X and Y be two real Banach spaces, letK be a nonempty convex subset of X . Let C : K → 2Y be
a multifunction such that for each u ∈ K , C(u) is a proper, closed and convex cone with intC(u) 6= ∅ and Q = ∩u∈K (−C(u))
with intQ 6= ∅, where intC(u) denotes the interior of C(u). Given the mappings T : K → 2L(X,Y ), A : L(X, Y ) → L(X, Y ),
f1 : L(X, Y )× K × K → Y , f2 : K × K → Y and g : K → K , we consider the following problem: Find u∗ ∈ K such that for
any v ∈ K , there is s∗ ∈ Tu∗ satisfying f1(As∗, v, g(u∗))+ f2(v, g(u∗)) 6∈ −intC(u∗).
Now we are in a position to state and prove our main results.
Theorem 1. Let X and Y be real Banach spaces, K be a nonempty convex subset of X, and {C(u) : u ∈ K} be a family of
closed proper convex solid cones of Y such that for each u ∈ K , C(u) 6= Y . Let W : K → 2Y be a multifunction, defined by
W (u) = Y \ (−intC(u)), such that W is weakly upper semicontinuous on K . Let Q = ⋂u∈K {−C(u)} such that intQ 6= ∅.
Suppose that the following conditions hold:
(i) C(g(u)) ⊆ C(u),∀u ∈ K;
(ii) g is affine and weakly continuous;
(iii) (a) for each u, v ∈ K, f1(Atλ, vλ, g(vλ)) ∈ C(u),∀tλ ∈ Tvλ where vλ := u+ λ(v − u), λ ∈ [0, 1),
(b) f1(z, ·, v) : K → Y is Q -function for each (z, v) ∈ L(X, Y )× K ,
(c) for each u, v ∈ K , f1(Atλ, vλ, g(u))+ f1(Atλ, g(u), vλ) ∈ −C(g(u)),∀tλ ∈ Tvλ where vλ := u+ λ(v − u), λ ∈ (0, 1),
(d) for each u, v ∈ K, f1(Atλ, vλ, g(vλ)) − f1(Atλ, g(vλ), vλ) ∈ −C(u), and f1(Atλ, g(v), vλ) − f1(Atλ, v, g(vλ)) ∈ −C(u),
∀tλ ∈ Tvλ where vλ := u+ λ(v − u), λ ∈ (0, 1),
(e) f1(z, v, ·) : K → Y is weakly continuous for each (z, v) ∈ L(X, Y )× K;
(iv) (a) for each u, v ∈ K , f2(vλ, g(vλ)) ∈ C(u), and {f2(vλ, g(vλ)) − f2(g(vλ), vλ)}λ∈[0,1) ∪ {f2(g(v), vλ) −
f2(v, g(vλ))}λ∈(0,1) ⊆ −C(u) where vλ := u+ λ(v − u), λ ∈ [0, 1),
(b) f2(·, ·) is weakly continuous with respect to the first and second arguments, respectively,
(c) f2(·, v) is Q -function for each v ∈ K ,
(d) there exist a weakly compact convex subset D ⊆ K and v0 ∈ D such that for each u ∈ K \ D there exists s ∈ Tu satisfying
f1(As, v0, g(u))+ f2(v0, g(u)) ∈ −intC(u);
(v) for each u, v ∈ K, the existence of s ∈ Tu such that
f1(As, v, g(u))+ f2(v, g(u)) 6∈ −intC(u)
implies
f1(At, v, g(u))− f2(g(u), v) 6∈ −intC(u)
for all t ∈ Tv.
Moreover, suppose additionally that L(X, Y ) is reflexive and the multifunction T : K → 2L(X,Y ) takes bounded, closed and
convex values in L(X, Y ) and satisfies the following conditions:
(vi) for each net {λ} ⊂ (0, 1) such that λ→ 0+,
tλ ⇀ s0,
tλ ∈ Tvλ
}
⇒ f1(Atλ, v, g(vλ))− f1(As0, v, g(vλ)) ⇀ 0,
where vλ := u+ λ(v − u) for (u, v) ∈ K × K;
(vii) for each u, v ∈ K,
H(T (u+ λ(v − u)), T (u))→ 0 as λ→ 0+,
where H is the Hausdorff metric defined on CB(L(X, Y )).
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Then there exists a solution u∗ ∈ D of the following generalized implicit vector equilibrium problem: Find u∗ ∈ D such that for
any v ∈ K, there is s∗ ∈ Tu∗ satisfying
f1(As∗, v, g(u∗))+ f2(v, g(u∗)) 6∈ −intC(u∗). (1)
Proof. First, we claim that there exists u∗ ∈ D such that
f1(At, v, g(u∗))− f2(g(u∗), v) 6∈ −intC(u∗) (2)
for all v ∈ K and t ∈ Tv.
Indeed, we define a multifunction G : K → 2D as follows:
G(v) = {u ∈ D : f1(At, v, g(u))− f2(g(u), v) 6∈ −intC(u),∀t ∈ Tv}, ∀v ∈ K .
Then for any v ∈ K , G(v) is weakly closed. In fact, let {un} be a sequence in G(v) such that un ⇀ u. Then u ∈ D since D is
weakly compact and
f1(At, v, g(un))− f2(g(un), v) 6∈ −intC(un), ∀t ∈ Tv,
i.e.,
f1(At, v, g(un))− f2(g(un), v) ∈ W (un) = Y \ {−intC(un)}, ∀t ∈ Tv.
Since g is weakly continuous, f1(At, v, ·) : K → Y is weakly continuous by (iii)(e), and f2(·, v) : K → Y is weakly continuous
by (iv)(b), we have
f1(At, v, g(un))− f2(g(un), v) ⇀ f1(At, v, g(u))− f2(g(u), v).
The weakly upper semicontinuity of the multifunctionW implies that
f1(At, v, g(u))− f2(g(u), v) ∈ W (u), ∀t ∈ Tv,
and so
f1(At, v, g(u))− f2(g(u), v) 6∈ −intC(u), ∀t ∈ Tv.
Thus u ∈ G(v) and G(v) is weakly closed. Since every element u0 ∈ ∩v∈K G(v) is a solution of (2), we have to prove that⋂
v∈K
G(v) 6= ∅.
Since D is weakly compact, it is sufficient to show that the family {G(v)}v∈K has the finite intersection property.
Let {v1, v2, . . . , vm} be a finite subset of K . We claim that
m⋂
j=1
G(vj) 6= ∅.
Indeed, put
B = co(D ∪ {v1, v2, . . . , vm}).
Then B is a weakly compact and convex subset of K .
We also define two multifunctions F1, F2 : B→ 2B as follows:
F1(v) = {u ∈ B : f1(At, v, g(u))− f2(g(u), v) 6∈ −intC(u),∀t ∈ Tv}, ∀v ∈ B,
and
F2(v) = {u ∈ B : f1(As, v, g(u))+ f2(v, g(u)) 6∈ −intC(u) for some s ∈ Tu}, ∀v ∈ B.
Then F2(v) is nonempty for each v ∈ B since v ∈ F2(v) for each v ∈ B by conditions (iii)(a) and (iv)(a) with λ = 0. Moreover,
from condition (v) it follows that F2(v) ⊆ F1(v) for each v ∈ B.
Now we assert that F2 is a KKM-map on B.
Suppose to the contrary that there exists a finite subset {y1, y2, . . . , yn} ⊆ B and scalars αi ≥ 0, i = 1, 2, . . . , n, with∑n
i=1 αi = 1, such that
yˆ 6∈
n⋃
i=1
F2(yi),
where yˆ :=∑ni=1 αiyi. Then, we derive for each τ ∈ T yˆ
f1(Aτ , yj, g(yˆ))+ f2(yj, g(yˆ)) ∈ −intC(yˆ)
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for j = 1, 2, . . . , n. Since−intC(yˆ) is a convex cone, by conditions (iii)(b) and (iv)(c) we have
f1(Aτ , yˆ, g(yˆ))+ f2(yˆ, g(yˆ)) ⊆
n∑
i=1
αif1(Aτ , yi, g(yˆ))+ Q +
n∑
i=1
αif2(yi, g(yˆ))+ Q
=
n∑
i=1
αi[f1(Aτ , yi, g(yˆ))+ f2(yi, g(yˆ))] + Q + Q
⊆
n∑
i=1
αi[f1(Aτ , yi, g(yˆ))+ f2(yi, g(yˆ))] − C(yˆ)− C(yˆ)
⊆
n∑
i=1
αi[f1(Aτ , yi, g(yˆ))+ f2(yi, g(yˆ))] − C(yˆ)
⊆
n∑
i=1
αi(−intC(yˆ))− C(yˆ)
⊆ −intC(yˆ)− C(yˆ)
= −intC(yˆ).
By conditions (iii)(a) and (iv)(a) with λ = 0 we have
f1(Aτ , yˆ, g(yˆ))+ f2(yˆ, g(yˆ)) ∈ C(yˆ)
⋂
(−intC(yˆ)).
Hence 0 ∈ intC(yˆ), which contradicts C(yˆ) 6= Y . Therefore F2 is a KKM-mapping on B.
Observe that, for each v ∈ B, the weak closure clB(F2(v)) of F2(v) in B is weakly closed in B, and thus is weakly compact
also. By Lemma 1,⋂
v∈B
clB(F2(v)) 6= ∅.
We can choose
u¯ ∈
⋂
v∈B
clB(F2(v)),
and note that v0 ∈ D and F2(v0) ⊆ D by (iv)(d). Consequently,
u¯ ∈ clB(F(v0)) ⊆ clK (F2(v0)) = clD(F2(v0)) ⊆ D.
At the same time, it is easy to see that F1(v) is weakly closed for each v ∈ B. Since
u¯ ∈
m⋂
j=1
clB(F2(vj))
and since, for each j = 1, 2, . . . ,m,
clB(F2(vj)) ⊆ clB(F1(vj)) = F1(vj),
we have
f1(At, vj, g(u¯))− f2(g(u¯), vj) 6∈ −intC(u¯), ∀t ∈ Tvj
for all j = 1, 2, . . . ,m, and hence,
u¯ ∈
m⋂
j=1
G(vj).
Therefore, {G(v)}v∈K has the finite intersection property and so⋂
v∈K
G(v) 6= ∅,
that is, there exists u∗ ∈ D ⊆ K such that
f1(At, v, g(u∗))− f2(g(u∗), v) 6∈ −intC(u∗)
for all v ∈ K and t ∈ Tv.
Secondly, we claim that for the element u∗ ∈ D in Step 1 there exists s∗ ∈ Tu∗ such that
f1(As∗, v, g(u∗))+ f2(v, g(u∗)) 6∈ −intC(u∗), ∀v ∈ K .
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Indeed, it is known from Step 1 that there exists u∗ ∈ D such that
f1(At, v, g(u∗))− f2(g(u∗), v) 6∈ −intC(u∗)
for all v ∈ K and t ∈ Tv.
Let vλ = u∗ + λ(v − u∗), 0 < λ < 1. Then we have vλ ∈ K by the convexity of K . Hence
f1(Atλ, vλ, g(u∗))− f2(g(u∗), vλ) 6∈ −intC(u∗) (3)
for all tλ ∈ Tvλ. According to (i) and (iii)(c) we have
f1(Atλ, vλ, g(u∗))+ f1(Atλ, g(u∗), vλ) ∈ −C(g(u∗)) ⊆ −C(u∗). (4)
Combining (3) with (4), from Lemma 3(ii) we derive
f1(Atλ, g(u∗), vλ, )+ f2(g(u∗), vλ) 6∈ intC(u∗). (5)
Since g is affine, by conditions (iii)(b) and (iv)(c) we have
f1(Atλ, g(vλ), vλ)+ f2(g(vλ), vλ) = f1(Atλ, λg(v)+ (1− λ)g(u∗), vλ)+ f2(λg(v)+ (1− λ)g(u∗), vλ)
⊆ λf1(Atλ, g(v), vλ)+ (1− λ)f1(Atλ, g(u∗), vλ)+ Q + λf2(g(v), vλ)+ (1− λ)f2(g(u∗), vλ)+ Q
⊆ λ[f1(Atλ, g(v), vλ)+ f2(g(v), vλ)] + (1− λ)[f1(Atλ, g(u∗), vλ)+ f2(g(u∗), vλ)] − C(u∗). (6)
Hence we derive
f1(Atλ, g(v), vλ)+ f2(g(v), vλ) 6∈ −intC(u∗). (7)
In fact suppose to the contrary that
f1(Atλ, g(v), vλ)+ f2(g(v), vλ) ∈ −intC(u∗).
Since−intC(u∗) is a convex cone, we know that
λ[f1(Atλ, g(v), vλ)+ f2(g(v), vλ)] ∈ −intC(u∗).
Note that condition (iii)(a) (d) implies that
f1(Atλ, g(vλ), vλ) ∈ f1(Atλ, vλ, g(vλ))+ C(u∗) ⊆ C(u∗)+ C(u∗) ⊆ C(u∗).
Moreover, condition (iv)(a) implies that
f2(g(vλ), vλ) ∈ f2(vλ, g(vλ))+ C(u∗) ⊆ C(u∗)+ C(u∗) ⊆ C(u∗).
Hence we deduce that
f1(Atλ, g(vλ), vλ)+ f2(g(vλ), vλ) ∈ C(u∗).
Thus from (6) it follows that
−(1− λ)[f1(Atλ, g(u∗), vλ)+ f2(g(u∗), vλ)] ∈ λ[f1(Atλ, g(v), vλ)+ f2(g(v), vλ)]
− [f1(Atλ, g(vλ), vλ)+ f2(g(vλ), vλ)] − C(u∗)
⊆ −intC(u∗)− C(u∗)− C(u∗)
⊆ −intC(u∗)− C(u∗)
= −intC(u∗),
which implies that
f1(Atλ, g(u∗), vλ)+ f2(g(u∗), vλ) ∈ intC(u∗).
This contradicts (5). Therefore (7) is valid.
On the other hand, we shall prove that
f1(Atλ, v, g(vλ))+ f2(v, g(vλ)) ∈ −intC(u∗) (8)
for all tλ ∈ Tvλ.
Indeed, since condition (iv)(a) implies that
f2(g(v), vλ)− f2(v, g(vλ)) ∈ −C(u),
by Lemma 3(ii) we obtain from (7)
f1(Atλ, g(v), vλ)+ f2(v, g(vλ)) 6∈ −intC(u∗).
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Also, utilizing condition (iii)(d) we have
f1(Atλ, g(v), vλ)− f1(Atλ, v, g(vλ)) ∈ −C(u∗).
In terms of Lemma 3(ii) we conclude that
f1(Atλ, v, g(vλ))+ f2(v, g(vλ)) 6∈ −intC(u∗),
that is, (8) is valid.
Further, we shall prove that there exists s∗ ∈ Tu∗ such that
f1(As∗, v, g(u∗))+ f2(v, g(u∗)) 6∈ −intC(u∗), ∀v ∈ K .
Indeed, since Tvλ and Tu∗ are bounded closed subsets in L(X, Y ), by Lemma 2 for each tλ ∈ Tvλ we can find an sλ ∈ Tu∗
such that
‖tλ − sλ‖ ≤ (1+ λ)H(Tvλ, Tu∗).
Since L(X, Y ) is reflexive and Tu∗ is a bounded, closed and convex subset in L(X, Y ), Tu∗ is aweakly compact subset in L(X, Y ).
Hence, without loss of generality we may assume that sλ ⇀ s∗ ∈ Tu∗ as λ → 0+. Moreover, for each φ ∈ (L(X, Y ))∗ we
have
|φ(tλ − s∗)| ≤ |φ(tλ − sλ)| + |φ(sλ − s∗)|
≤ ‖φ‖‖tλ − sλ‖ + |φ(sλ − s∗)|
≤ ‖φ‖(1+ λ)H(Tvλ, Tu∗)+ |φ(sλ − s∗)|.
Since
H(Tvλ, Tu∗)→ 0
as λ→ 0+, so tλ ⇀ s∗. Thus, according to condition (vi) we have
f1(Atλ, v, g(vλ))− f1(As∗, v, g(vλ)) ⇀ 0 as λ→ 0+.
Since g : K → K is weakly continuous, f1(As∗, v, ·) : K → Y is weakly continuous by condition (iii)(e), and f2(·, ·) is weakly
continuous in the second variable by condition (iv)(b), hence we infer that
f1(Atλ, v, g(vλ))+ f2(v, g(vλ))− f1(As∗, v, g(u∗))− f2(v, g(u∗))
= f1(Atλ, v, g(vλ))− f1(As∗, v, g(vλ))+ f1(As∗, v, g(vλ))− f1(As∗, v, g(u∗))
+ f2(v, g(vλ))− f2(v, g(u∗)) ⇀ 0 as λ→ 0+,
that is,
f1(Atλ, v, g(vλ))+ f2(v, g(vλ)) ⇀ f1(As∗, v, g(u∗))+ f2(v, g(u∗)) as λ→ 0+.
Consequently, it follows from (8) and the weak closedness of Y \ (−intC(u∗)) that
f1(As∗, v, g(u∗))+ f2(v, g(u∗)) 6∈ −intC(u∗).
This completes the proof. 
Theorem 2. Let X and Y be real Banach spaces, K be a nonempty convex subset of X, and {C(u) : u ∈ K} be a family of
closed proper convex solid cones of Y such that for each u ∈ K , C(u) 6= Y . Let W : K → 2Y be a multifunction, defined by
W (u) = Y \ (−intC(u)), such that W is weakly upper semicontinuous on K . Let Q = ⋂u∈K {−C(u)} such that intQ 6= ∅.
Suppose that the following conditions hold:
(i) C(g(u)) ⊆ C(u),∀u ∈ K;
(ii) g is affine and weakly continuous;
(iii) (a) for each u, v ∈ K, f1(Atλ, vλ, g(vλ)) ∈ C(u),∀tλ ∈ Tvλ where vλ := u+ λ(v − u), λ ∈ [0, 1),
(b) f1(z, ·, v) : K → Y is Q -function for each (z, v) ∈ L(X, Y )× K ,
(c) for each u, v ∈ K , f1(Atλ, vλ, g(u))+ f1(Atλ, g(u), vλ) ∈ −C(g(u)),∀tλ ∈ Tvλ where vλ := u+ λ(v − u), λ ∈ (0, 1),
(d) for each u, v ∈ K, f1(Atλ, vλ, g(vλ)) − f1(Atλ, g(vλ), vλ) ∈ −C(u), and f1(Atλ, g(v), vλ) − f1(Atλ, v, g(vλ)) ∈ −C(u),
∀tλ ∈ Tvλ where vλ := u+ λ(v − u), λ ∈ (0, 1),
(e) f1(z, v, ·) : K → Y is weakly continuous for each (z, v) ∈ L(X, Y )× K;
(iv) there exists a vector bifunction p : K × K → Y such that
(a) p(u, g(u))− f2(g(u), u) 6∈ −intC(u),∀u ∈ K,
(b) p(v, g(u))− f1(At, v, g(u)) ∈ −C(u),∀u, v ∈ K , t ∈ Tv,
(c) {v ∈ K : p(v, g(u))− f2(g(u), v) ∈ −intC(u)} is convex for each u ∈ K;
(d) for each u, v ∈ K, f2(vλ, g(vλ)) ∈ C(u), and {f2(vλ, g(vλ))− f2(g(vλ), vλ)}λ∈[0,1)∪{f2(g(v), vλ)− f2(v, g(vλ))}λ∈(0,1) ⊆
−C(u) where vλ := u+ λ(v − u), λ ∈ [0, 1),
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(e) f2(·, ·) is weakly continuous with respect to the first and second arguments, respectively,
(f) f2(·, v) is Q -function for each v ∈ K;
(v) there exist a weakly compact convex subset D ⊆ K and v0 ∈ D such that for each u ∈ K \D there exists tu ∈ Tv0 satisfying
f1(Atu, v0, g(u))− f2(g(u), v0) ∈ −intC(u).
Moreover, suppose additionally that L(X, Y ) is reflexive and the multifunction T : K → 2L(X,Y ) takes bounded, closed and
convex values in L(X, Y ) and satisfies the following conditions:
(vi) for each net {λ} ⊂ (0, 1) such that λ→ 0+,
tλ ⇀ s0,
tλ ∈ Tvλ
}
⇒ f1(Atλ, v, g(vλ))− f1(As0, v, g(vλ)) ⇀ 0,
where vλ := u+ λ(v − u) for (u, v) ∈ K × K;
(vii) for each u, v ∈ K ,
H(T (u+ λ(v − u)), T (u))→ 0 as λ→ 0+,
where H is the Hausdorff metric defined on CB(L(X, Y )).
Then there exists a solution u∗ ∈ D of the following generalized implicit vector equilibrium problem: Find u∗ ∈ D such that for
any v ∈ K, there is s∗ ∈ Tu∗ satisfying
f1(As∗, v, g(u∗))+ f2(v, g(u∗)) 6∈ −intC(u∗), ∀v ∈ K . (1)
Proof. Firstly, we claim that there exists u∗ ∈ D such that
f1(At, v, g(u∗))− f2(g(u∗), v) 6∈ −intC(u∗) (2)
for all v ∈ K and t ∈ Tv.
Indeed, we define a multifunction G : K → 2D as follows:
G(v) = {u ∈ D : f1(At, v, g(u))− f2(g(u), v) 6∈ −intC(u),∀t ∈ Tv}, ∀v ∈ K .
Following the same proof as in Theorem 1, we can prove that G(v) is weakly closed for each v ∈ K . Since every element
u0 ∈ ∩v∈K G(v) is a solution of (2), we have to prove that⋂
v∈K
G(v) 6= ∅.
Since D is weakly compact, it is sufficient to show that the family {G(v)}v∈K has the finite intersection property.
Let {v1, v2, . . . , vm} be a finite subset of K . We claim that
m⋂
j=1
G(vj) 6= ∅.
Indeed, put
B = co(D ∪ {v1, v2, . . . , vm}).
Then B is a weakly compact and convex subset of K .
We also define two multifunctions F1, F2 : B→ 2B as follows:
F1(v) = {u ∈ B : f1(At, v, g(u))− f2(g(u), v) 6∈ −intC(u),∀t ∈ Tv}, ∀v ∈ B,
and
F2(v) = {u ∈ B : p(v, g(u))− f2(g(u), v) 6∈ −intC(u)}, ∀v ∈ B.
From condition (iv)(a)–(b), we have
p(v, g(v))− f2(g(v), v) 6∈ −intC(v),
and
p(v, g(v))− f1(At, v, g(v)) ∈ −C(v), ∀t ∈ Tv.
Now Lemma 3(ii) implies that
f1(At, v, g(v))− f2(g(v), v) 6∈ −intC(v), ∀t ∈ Tv
and so F1(v) is nonempty. Obviously, it is easy to see that F1(v) is a weakly closed subset of a weakly compact set B, we know
that F1(v) is weakly compact.
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Next we prove that F2 is a KKM-map. Suppose that there exists a finite subset {y1, y2, . . . , yn} of B and λi ≥ 0, i =
1, 2, . . . , n, with
∑n
i=1 αi = 1, such that
yˆ 6∈
n⋃
i=1
F2(yi),
where yˆ :=∑ni=1 αiyi. Then, we derive for each τ ∈ T yˆ
p(vj, g(yˆ))− f2(g(yˆ), vj) ∈ −intC(yˆ)
for j = 1, 2, . . . , n. From condition (iv)(c) we have
p(yˆ, g(yˆ))− f2(g(yˆ), yˆ) ∈ −intC(yˆ),
which contradicts condition (iv)(a). Thus F2 is a KKM-map.
Now observe that F2(v) ⊆ F1(v),∀v ∈ B. Indeed, if u ∈ F2(v), then
p(v, g(u))− f2(g(u), v) 6∈ −intC(u).
Also, by condition (iv)(b) we have
p(v, g(u))− f1(At, v, g(u)) ∈ −C(u), ∀t ∈ Tv.
Consequently it follows from Lemma 3(ii) that
f1(At, v, g(u))− f2(g(u), v) 6∈ −intC(u), ∀t ∈ Tv,
i.e., u ∈ F1(v). This implies that F1 is also a KKM-map. According to Lemma 1, there exists u¯ ∈ B such that u¯ ∈ F1(v) for all
v ∈ B. Note that v0 ∈ D and F1(v0) ⊆ D by condition (v). Thus,
u¯ ∈ F1(v0) ⊆ D.
Since
u¯ ∈
m⋂
j=1
F1(vj)
so, for u¯ ∈ Dwe have
f1(At, vj, g(u¯))− f2(g(u¯), vj) 6∈ −intC(u¯), ∀t ∈ Tvj
for all j = 1, 2, . . . ,m, and hence,
u¯ ∈
m⋂
j=1
G(vj).
Therefore, {G(v)}v∈K has the finite intersection property and so⋂
v∈K
G(v) 6= ∅,
that is, there exists u∗ ∈ D ⊆ K such that
f1(At, v, g(u∗))− f2(g(u∗), v) 6∈ −intC(u∗)
for all v ∈ K and t ∈ Tv.
For the remainder of the proof, we can derive the conclusion of Theorem 2 by following the same proof as in
Theorem 1. 
Remark 3. The above existence theorems can be applied to deriving some existence results of solutions for the generalized
implicit vector variational inequalities. Here we omit them. It is worth pointing out that there exists an assumption similar
to pseudomonotonicity in Theorem 1, but there exists no pseudomonotonicity assumption in Theorem 2.
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